We present a solution to the decompactification problem of gauge thresholds in chiral heterotic string theories with two large extra dimensions, where supersymmetry is spontaneously broken by the Scherk-Schwarz mechanism. Whenever the Kaluza-Klein scale that controls supersymmetry breaking is much lower than the string scale, the infinite towers of heavy states contribute non-trivially to the renormalisation of gauge couplings, which typically grow linearly with the large volume of the internal space and invalidate perturbation theory. We trace the origin of the decompactification problem to properties of the six dimensional theory obtained in the infinite volume limit and show that thresholds may instead exhibit logarithmic volume dependence and we provide the conditions for this to occur. We illustrate this mechanism with explicit string constructions where the decompactification problem does not occur.
Introduction
Understanding the mechanism and implications of supersymmetry breaking in String Theory is an important open problem that may pave the path towards establishing a realistic string phenomenology. Over the years, string constructions with unbroken supersymmetry have been the subject of extensive study, with several seminal results. In the context of string phenomenology, the majority of works in the literature traditionally focused on constructing supersymmetric string vacua with various phenomenologically appealing features, while postponing the actual breaking of supersymmetry to a later stage of the analysis, at the level of the effective field theory.
Although in some cases this may be sufficient for a tree-level analysis, to actually make contact with low energy data necessarily requires also the proper incorporation of quantum corrections. The latter receive contributions from the infinite tower of perturbative states of the string and, in practice, are only computable in those cases where an exactly solvable worldsheet CFT description is available.
Such is the case of the stringy version [1] [2] [3] [4] of the Scherk-Schwarz mechanism [5, 6] , which induces a spontaneous breaking of supersymmetry without spoiling the flatness of the string worldsheet, thanks to the fact that it may be realised as a freely acting orbifold.
The Scherk-Schwarz mechanism corresponds to a flat gauging of supergravity which, in particular, generates a mass term for the gravitino as well as a non-trivial scalar potential of the no-scale type [7] .
One of the general features of this mechanism is that the scale of supersymmetry breaking m 3/2 ∼ 1/R is related to the size R of the internal dimensions and remains undetermined at tree level, provided the theory does not encounter tachyonic instabilities. This occurs because the tree-level scalar potential of the theory vanishes upon minimisation with respect to the fields charged under the Scherk-Schwarz gauging of supergravity, leaving the neutral scalars (such as R) that enter into the determination of the gravitino mass as free parameters at tree-level.
The situation changes at the loop level, since the scalar potential of the theory receives quantum corrections which typically depend non-trivially on the no-scale moduli. The form of the loop corrected effective potential therefore determines dynamically the size and shape of the internal space and, hence, also the scale of supersymmetry breaking. Due to the absence of BPS protection, the study of such quantum corrections to the effective potential of string theory with supersymmetry broken by the Scherk-Schwarz mechanism is notoriously non-trivial. This effectively constrains one to work only with asymptotic expressions valid for large volumes of the internal space [8] , while requiring an entirely different treatment 1 whenever the volume approaches close to the string scale.
This is due to convergence issues arising in regions of moduli space close to the string scale, where the contribution of the infinite tower of perturbative string states, including also non-level matched states, become non-negligible. Although several new techniques have been proposed in the recent literature [10] [11] [12] [13] [14] that could in principle overcome such issues, they are not yet as efficient for dealing with the effective potential.
Nevertheless, it is possible to infer some of the model independent features of the loop-corrected effective potential by exploiting only the basic properties of the Scherk-Schwarz mechanism. Namely, the potential will necessarily vanish in the infinite volume limit R → ∞, where supersymmetry is recovered [15] . Secondly, regions close to the string scale R ∼ 1 (we work in string units α = 1)
typically include also points fixed under the T-duality group of the theory, which become extrema of the loop-corrected potential [18] .
In the simplest cases of supersymmetry breaking via the Scherk-Schwarz mechanism [19, 20] , the potential typically exhibits the form of a puddle, with the minimum at around the string scale R ∼ 1 and negative values of the potential. This situation is characterised by a number of undesirable features. Firstly, it stabilises the no-scale moduli entering the gravitino mass at the string scale which, in turn, means that supersymmetry is broken at very high energies and therefore, these vacua cannot be used to address the hierarchy problem. Secondly, the value at the minimum is huge and negative compared to the observed value of the cosmological constant, inducing an enormous back-reaction on the classical geometry [21, 22] . Thirdly, whenever the no-scale moduli are stabilised around the string scale, the theory is typically driven into the tachyonic regime, as soon as deformations with respect to the entire set of perturbative moduli of the theory are considered [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
A much more promising scenario [33] , is one in which the potential instead exhibits the shape of a bump, with its peak centred around the string scale at positive values of the potential, driving the noscale moduli into the large volume regime R 1. In these cases, supersymmetry is naturally broken at scales much smaller than the string scale m 3/2 1, with a positive value of the cosmological constant and is dynamically protected against the appearance of tachyonic instabilities.
Additional constraints arise from the asymptotic suppression rate of the potential as R 1. For a generic theory in this class, the dominant fall of the one-loop potential is typically polynomial [15] 
where the ellipses denote exponentially suppressed corrections and n F , n B are respectively the numbers of massless fermions and bosons in the theory which are unaffected by the Scherk-Schwarz gauging. Assuming the no-scale moduli and, hence, the scale of supersymmetry breaking are eventually stabilised by some non-perturbative mechanism in the TeV range (c.f. the recent discussion 1 A discussion of issues related to asymptotic volume expansions and how these break down whenever the volume is of the order of the string scale may be found in [9] .
in [16, 17] ), the above naive value of the potential overshoots the observed valued of the cosmological constant by some 34 orders of magnitude.
This leads one to consider models with the additional property of Bose-Fermi degeneracy n F = n F in their massless spectra, known in the literature as super no-scale models [15, [34] [35] [36] [37] . This eliminates the polynomial fall of the potential, which is now forced to fall exponentially fast. The first examples of chiral heterotic models exhibiting this desired behaviour in their potential, together with the additional requirement that the latter has the shape of a bump, were presented in recent work [33] .
Although no comprehensive scan has been performed, the results in [33] indicate that such models are not rare isolated instances, but actually a plethora of similar super no-scale constructions exists, all sharing the same basic desirable features.
This prompts one to further investigate the properties of such models, focusing in particular on the gauge sector. In the framework of String Theory, the running of gauge couplings may be significantly affected by the contributions of the massive string modes propagating in the loops. The one-loop corrected gauge coupling g a associated to a gauge group factor G a is given at scale µ by [38] 
where g s is the string coupling, k a is the level of the associated Kac-Moody algebra and β a is the beta function coefficient for the massless states of the theory controlling the familiar logarithmic running involving the ratio of the string scale M s to µ. As expected, originating from the infrared physics of massless states, the logarithmic contribution is precisely the same as one finds in field theory, with the string scale M s playing the role of the UV cutoff. The threshold correction ∆ a encodes the effect of massive string modes, including oscillators, Kaluza-Klein and winding states. In general, the threshold may be split as
where∆(t i ) is the contribution arising from subsectors of the theory that effectively enjoy unbroken N = 2 supersymmetry, or spontaneously broken N = 4 → 0, or N = 2 → 0 supersymmetry, and depends on the compactification moduli t i . The contribution∆ instead arises from N = 1 subsectors and is necessarily moduli-independent.
This distinction is naturally related to the amount of supersymmetry effectively preserved by the corresponding subsectors, precisely due to the fact that moduli enter into the threshold corrections through the central charges of the corresponding super-algebras. The moduli independent contribution∆ is highly model-dependent, but its calculation presents no serious difficulties and is best treated on a case-by-case basis. In what concerns the present work, we shall focus mostly on the model-dependent threshold contributions∆ from which the so-called decompactification problem arises [8, 15] .
The universal form for differences of gauge thresholds for heterotic strings with spontaneously broken supersymmetryà la Scherk-Schwarz was obtained in [39] [40] [41] [42] and has the form Whenever at least one supersymmetry is left unbroken by the Scherk-Schwarz mechanism, the scalar potential is protected against radiative corrections and the tree-level compactification moduli T i , U i remain moduli to all loop orders. In such situations, the decompactification problem arises only in cases of large volume scenarios. Similarly, in models where supersymmetry is spontaneously broken, but the potential exhibits the form of a puddle, with a minimum at the string scale T i ∼ 1, the decompactification problem does not arise, but these models suffer from Planck scale supersymmetry breaking, backreaction, cosmological constant and tachyon problems as we already mentioned.
Another possibility is to consider models where α i a = 0 such that the linear growth in the volume is absent from the very beginning [15] . This could be achieved by requiring the absence of the exact N = 2 sector. Namely, by ensuring that any N = 2 subsector in the theory is obtained as the spontaneous breaking of an N = 4 one, which may be realised by employing freely-acting orbifolds [44, 45] . In the case of the Z N 2 -type orbifolds under consideration here, however, this is incompatible with the presence of a chiral matter spectrum, which requires that the original theory (before the Scherk-Schwarz flux is turned on) be realised as an N = 1 preserving non-freely acting orbifold, in which the chiral matter arises precisely from the fixed points. It is then straightforward to show that the N = 2 subsectors of the latter, always give rise to contributions α i a = 0 in (1.4) and, therefore, suffer from the decompactification problem.
The case of interest in this work is the class of chiral models studied in [33] , which support the large volume scenario outlined above and for which the decompactification problem becomes very to the functional dependence of thresholds on the compactification moduli T, U and to the fact that model dependence is reduced to a number of constant coefficients. On the other hand, the universal part Y of gauge thresholds refers to the part which does not depend on the gauge group factor and, hence, cancels in differences within a given string model.
relevant. The purpose of this paper is to show that there exists an interesting, non-trivial class of chiral heterotic theories, with spontaneously broken N = 1 → 0 supersymmetry, with two extra dimensions at naturally large volume that could even be of the TeV range, and with exponentially small positive value for the cosmological constant, for which the decompactification problem does not occur. This is possible thanks to a delicate cancellation in the volume divergences of Kaluza-Klein contributions to gauge thresholds in exact N = 2 sectors, by properly taking into account also the universal contribution Y , which has no field theory analogue.
The paper is structured as follows. In Section 2, working in a general setup based on toroidal Z 2 orbifolds, we identify the sector from which the linear volume growth arises and extract the conditions for it to cancel against the universal gravitational back-reaction Y due to the presence of the gauge fields in Section 3. Whenever these conditions are met, thresholds exhibit a logarithmic dependence on the Kaluza-Klein scale and, hence, provide new constraints for realistic string model building.
Given the fact that a desert is basically absent in cases when the Kaluza-Klein scale is taken to be in the TeV range, unification occurs directly at the string scale, and in the same section we discuss how such specific string constructions with logarithmic thresholds may be further constrained by known phenomenological parameters at the electroweak scale, such as the Weinberg angle sin 2 θ W and the strong coupling constant α 3 (M Z ). In Section 4, we trace the origin of the cancellation of linear volume growth in string thresholds to properties of the exact N = 2 subsector, and exploit this fact in order to propose an efficient way to construct N ≤ 1 theories whose gauge couplings do not suffer from the decompactification problem. We end in Section 5 with our conclusions.
Universality of the dominant growth
We begin by extracting the structure of the dominant contributions to gauge thresholds in a model independent way. For simplicity, our starting point will be the four-dimensional heterotic string theories compactified on T 6 /Z 2 × Z 2 orbifolds with N = 1 supersymmetry which may, in particular, accommodate chiral matter. Supersymmetry is then spontaneously broken by the Scherk-Schwarz mechanism, which is itself realised as an additional freely acting Z 2 orbifold, whose generating element involves the spacetime fermion number parity (−1) F , a momentum shift along the first T 2 torus of the internal space, and possibly an additional action on the right-moving degrees of freedom ascribed to the Kac-Moody algebra. Furthermore, we shall not be considering continuous Wilson line deformations, since the latter are typically stabilised to vanishing values by the one-loop potential [36] .
The generic form of the partition function in this class of theories reads
where h 1 , h 2 label the non freely-acting Z 2 × Z 2 orbifold sectors generating the N = 1 theory, H 1 labels the orbifold sectors of the freely-acting Scherk-Schwarz orbifold responsible for the breaking of supersymmetry, and the summation over G 1 , g 1 , g 2 enforces the associated orbifold projections. In this expression, we have separated out the contribution of the lattice partition function Γ (1) associated to the first T 2 torus, which is twisted by the (h 1 , g 1 ) boundary conditions ascribed to the first Z 2 orbifold, and simultaneously shifted by the Scherk-Schwarz orbifold. It depends on the Kähler and complex structure moduli T and U of the first T 2 torus, respectively. All remaining contributions to the partition function are assembled into the blockẐ, which in particular involves the RNS degrees of freedom, the lattice contributions of the remaining two 2-tori which are inert under Scherk-Schwarz, as well as the contribution of the Kac-Moody algebra degrees of freedom.
We note that this generic decomposition encompasses the class of models studied in [33] The combined action of twists and shifts on the (2,2) lattice may cause some sectors to vanish identically. For example, a lattice that is twisted with respect to a shift orbifold, produces states with non-trivial momentum and winding numbers. If, however, one introduces a simultaneous rotation element of another orbifold inside the trace, the latter will project down to states without momenta or windings, thereby yielding a vanishing contribution. Explicitly, one finds 2) and the partition function of the shifted (2,2) Narain lattice with the momentum shift along the first cycle of the T 2 is itself defined by
with P L , P R being the complexified lattice momenta
Without loss of generality, we may express the one-loop threshold correction ∆ a in a form analogous to (2.1)
The integral is performed over the moduli space of the worldsheet torus, with F being the canonical fundamental domain F = H + /SL(2; Z) defined as the quotient of the Poincaré upper half-plane H + modded out by the modular group SL(2; Z). We have again separated out the contribution of the shifted/twisted (2,2) lattice associated to the 2-torus on which the Scherk-Schwarz orbifold acts. All other remaining contributions including, in particular, the helicity supertrace as well as the group trace in the gauge sector, have been absorbed into Ψ a = Ψ a (τ,τ ), which is in general a non-holomorphic function of the complex structure τ = τ 1 + iτ 2 on the worldsheet torus.
In accordance with the analysis in [33] , we shall assume that only the volume of the ScherkSchwarz 2-torus may dynamically roll to large values T 2 1 and is, therefore, relevant for the decompactification problem. Furthermore, by inspection of eq. (2.2), it is easy to see that only the sector h 1 = g 1 = 0 may lead to contributions to the gauge thresholds that depend on the Scherk-Schwarz moduli. We, therefore, focus on the T, U -dependent contribution to ∆ ã
whereΨ a is the combinationΨ
It is now convenient to organise the sum over H 1 , G 1 into two SL(2; Z) orbits. The first one arises from the term H 1 = G 1 = 0, which is already invariant under the full modular group and, therefore, constitutes an orbit in itself. The remaining three terms (H 1 , G 1 ) = (0, 0) close into a separate SL(2; Z) orbit, which is generated by (H 1 , G 1 ) = (0, 1) under the action of the elements S and ST of SL(2; Z), where S is the inversion τ → −1/τ and T is the unit translation τ → τ + 1. Explicitly, this decomposition reads∆ 8) with the contributions of the two orbits being given bỹ
where we now denote the standard (unshifted) Narain lattice as Γ 2,2 (T, U ), and
To obtain the above expression for the second orbit ∆ II a , we have changed variables into τ = S · τ and τ = ST · τ in the corresponding terms, and further exploited the modular properties of the integrand in order to undo these transformations. We therefore obtain an integral involving only the generating term (H 1 , G 1 ) = (0, 1) in this orbit, at the cost of enlarging the fundamental domain to its image under the S and ST elements of SL(2; Z),
Of course, the integrand of ∆ II a is no longer invariant under SL(2; Z) but only under its Hecke congruence subgroup Γ 0 (2).
In order to study the large volume limit T 2 1, it is most convenient to Poisson resum the lattice momenta m 1 , m 2 ∈ Z and cast the (2,2) lattice into its Lagrangian representation. For the lattices relevant for∆ a , this reads
where A is the winding matrix
The presence of the lattice shift in orbit II (G 1 = 1) is responsible for the two orbits exhibiting entirely different behaviour in their threshold contributions at large volume. This is most easily seen at the level of the lattice itself. In the large volume limit, the n i winding modes are suppressed since they become highly massive and therefore are taken to vanish n i = 0, while the Kaluza-Klein states tend to accumulate and produce a quasi-continuous spectrum. In the case of orbit I, all entries of the winding matrix A are integral, which implies that the dominant term in the unshifted lattice comes from the configuration A = 0, and the lattice grows linearly in T 2 . Different is the case of orbit II, where the half-unit momentum shift along the first cycle now implies that the winding matrix A is always non-vanishing and, therefore, the shifted lattice vanishes exponentially as T 2 1.
Although this simple argument was based on the properties of the Narain lattice (2.12), the same basic conclusions can be drawn by explicitly evaluating the modular integrals (2.9) and (2. We shall, therefore, focus our attention on the first orbit, H 1 = G 1 = 0, which does not feel the spontaneous breaking of supersymmetry of the Scherk-Schwarz orbifold. As we mentioned already, in order for the contribution∆ I a to be non-trivial, this sector must enjoy exact N = 2 supersymmetry. Clearly, if it would also preserve N = 4 supersymmetry, the corresponding contributions to gauge thresholds would vanish and, hence, the non-trivial case of interest here is from (h 2 , g 2 ) = (0, 0),
(2.14)
By construction, the blockΨ a 0 0 entering (2.9) is invariant under the full modular group SL(2; Z).
Given that this sector preserves an exact N = 2 supersymmetry, one may immediately see that it also possesses special quasi-holomorphy properties. Indeed, this sector is BPS saturated and its contributions are related to the modified elliptic genus [46, 47] . This property forces the left-moving conformal weights of BPS states to be determined entirely by the N = 2 central charge, which is identified with the left-moving lattice momenta, m
The left-moving string oscillators are then constrained to provide exactly half a unit of conformal weight and, modulo the (2,2) lattice contribution, the entire q-dependence of the integrand is washed out. Technically, this is the result of a cancellation of the holomorphic RNS contributions in the helicity supertrace and of additional oscillator terms against the holomorphic part of the (4,4) lattice twisted by the (h 2 , g 2 ) orbifold.
Even thoughΨ a 0 0
does not involve powers of q = e 2πiτ in its Fourier expansion, it is still not a holomorphic object. This is because loop corrections to gauge couplings receive also universal contributions which essentially do not depend on the choice of gauge group, but which break holomorphy by introducing factors of 1/τ 2 . From the point of view of a background field method calculation, these arise from gravitational back-reaction to the background gauge fields. From the point of view of a scattering amplitude calculation, they arise as contact terms, from points on the worldsheet torus where vertex operators corresponding to the external states collide. Technically, the quasi-holomorphy enters into the group traces from the current-current correlator
where Q 2 a is the charge and k a the level of the corresponding Kac-Moody algebra. Importantly, this implies that at most a single power of 1/τ 2 may appear in the gauge thresholds ∆ a .
Modularity and quasi-holomorphy severely constrain the form of theΨ a 0 0 and, in fact, dictate that it be an element of the polynomial ring of weak, quasi-holomorphic, modular invariant functions.
As a result, it admits a unique expansion into the generators of the ring, 16) where A, B a , C a are constants, E 4 and E 6 are the weight 4 and 6 holomorphic Eisenstein series, respectively, ∆(τ ) = η 24 (τ ) is the weight 12 cusp form (known as the modular discriminant), and E 2 is the weight 2 quasi-holomorphic Eisenstein series. The latter is the modular completion of the holomorphic, but quasi-modular, weight 2 Eisenstein series,Ê 2 = E 2 − 3/(πτ 2 ). Note that the holomorphic Eisenstein series we consider here are normalised canonically, i.e. E w (τ ) = 1 + O(q). In view of (2.15), the term involvingÊ 2 depends on the gauge group factor only by the multiplicative level factor k a , while A is a universal factor, independent of the choice of gauge group which, a priori, may be model-dependent.
Following [48] , the above structure (2.16) for the N = 2 contribution of interest, based on holomorphy and modularity, implies that the only possible singularity aroundq = 0 is of the form of a simple pole. This state corresponds precisely to the ubiquitous unphysical tachyon of the heterotic string (also known as proto-graviton). However, this state is neutral with respect to all gauge group factors and should, therefore, introduces no singularity at special loci in the bulk of the (T, U ) moduli space. The absence of the simple pole inq determines B a = −k a A. Furthermore, the constant term in (2.16) is identified as the beta function coefficientβ a for the exact N = 2 sector, which gives C a =β a + 1008k a A. Putting everything together, (2.16) becomes
The universal coefficient A may now be determined by repeating the same analysis for gravitational thresholds [43, [48] [49] [50] [51] and identifying the analogous contribution from the exact same N = 2 sector under consideration here, giving rise tõ 18) involving the same coefficient A. The constant term in theq-expansion ofΨ Grav is identified as the conformal anomaly of the corresponding N = 2 subsector,β Grav = −264A and may be easily extracted from the massless spectrum [49, 50] . Computing it for a simple K3 × T 2 compactification, with the K3 surface realised in its singular limit as a T 4 /Z 2 orbifold, one finds β Grav /4 due to the presence of two additional Z 2 orbifold factors: the orbifold (h 1 , g 1 ) reducing supersymmetry down to N = 1 and the ScherkSchwarz orbifold (H 1 , G 1 ) responsible for the spontaneous breaking of supersymmetry down to N = 0.
Taking this into account, the value of the universal constant is found to be A = −1/48 for all models in this class.
Separating the universal contribution proportional to the level k a from the running of the couplings, proportional toβ a , we may write [48] 19) where the universal part Y is defined as [52, 53] 20) while the integral associated to the running may be easily computed in closed form [8] in terms of Dedekind functions ∆ = R.N.
where γ is the Euler-Mascheroni constant. Naturally, the latter integral is IR divergent due the presence of massless states and should be defined by means of an appropriate renormalisation scheme (R.N.). In this section, it is convenient to employ the renormalisation scheme introduced in [10, 11] .
The final result differs from the one traditionally used in the string literature by additive numerical constants. For convenience, we shall restore the constants relevant to the DR scheme in the following section, although they are irrelevant for the discussion of the decompactification problem itself.
The universal part Y may also be explicitly computed (c.f. [11, 13] ) and, working in the Weyl chamber of interest T 2 > U 2 , one finds
where j(τ ) = E 
the nome q T associated to the T modulus is defined as q T = e 2πiT , and T M is the M -th Hecke operator acting on the Niebur-Poincaré series F(2, 1, 0; U ) as [11] 
Finally, the function F(2, 1, 0; U ) is identified [11] as the weak, quasi-holomorphic modular function
Alternative expressions in terms of polylogarithms may also be obtained [13, 54] , but their explicit form is less compact than (2.22).
We shall not dwell deeper into the structure and properties of Y as given in (2.22), since we are only interested in its large volume limit. A direct inspection reveals that only the first term in eq. 
Similarly, we may extract the growth of ∆ in (2.21) and find
Plugging these into (2.19), we may finally assemble the leading behaviour of gauge thresholds for all models in this class in the large volume limit fundamental domain, equal to π/3.
Although our primary motivation is to apply the above considerations to the models examined in [33] , where the Kac-Moody algebras are constructed at level k a = 1, the above analysis is also relevant for more general constructions where some of the gauge group factors may be realised at higher level.
The form (2.28) suggests a possible way out of the decompactification problem. Indeed, one may imagine a situation where the beta functionβ a of the exact N = 2 subsector precisely cancels against the universal part,β a = 3k a , (3.1)
for all relevant gauge group factors G a of the theory including, in particular, those in the observable sector. Whenever the decompactification equality (3.1) is saturated, the corresponding couplings will exhibit logarithmic volume dependence that is determined by the remaining sectors in the theory, including also the contribution of the twisted matter originating from the N = 1 sectors. Of course, gauge group factors in the hidden sector may still violate the decompactification condition (3.1), as long as their N = 2 beta functions dominate over the universal part,β a > 3k a , in which case their couplings are essentially driven to the free regime.
The fact that the decompactification condition (3.1) imposesβ a to be a positive number by no means implies that the associated gauge group is non-asymptotically free. We stress here thatβ a is the beta function only in the exact N = 2 subsector defined by 
controlled by effective beta functions β a , β a that are determined from the massless states in the remaining sectors. Here, β a is the beta function associated to the massless states in the theory from all sectors, whereas β a is the beta function contribution of those massless states for which a Kaluza-Klein tower from the Scherk-Schwarz 2-torus is allowed. Furthermore,
the Kaluza-Klein scale, while the ellipses denote both terms that are suppressed as ∼ 1/T 2 as well as exponentially suppressed contributions. Clearly, for an asymptotically free gauge group factor,
The origin of the coefficients β a , β a may be further clarified by explicitly identifying the orbifold sectors from which they arise. To this end, we define the following constant terms in the q,q-series
3)
The first line denotes the contribution from the exact N = 2 sector that leaves the Scherk-Schwarz lattice unaffected, and which generically gives rise to the decompactification problem, b
a ≡β a . The term h 2 = g 2 = 0 in the second line corresponds to the spontaneous breaking N = 4 → 0 of the theory, while the terms (h 2 , g 2 ) = (0, 0) correspond to subsectors N = 4 → 2 (for h 2 = 0 and g 2 = 1) and N = 2 → 0 (otherwise). For both b
(1) a and b (2) a , the Scherk-Schwarz lattice is untwisted (and shifted for b (2) a ) and involves the contribution from the Kaluza-Klein towers of states. Different is the case of the third line in (3.3), which corresponds to the cases where the ScherkSchwarz lattice is twisted, and which includes also the N = 1 sectors. The first term inside the sum, for which H 1 = G 1 = 0, is essentially the supersymmetric N = 1 theory before the Scherk-Schwarz breaking takes place. The second term in the summand corresponds to the subsector in which the Scherk-Schwarz orbifold effectively merges together with the (h 1 , g 1 ) one, and loses its freely-acting property. We can then identify the beta function coefficients entering (3.2) as the combinations
Of course, given that the form (3.2) already assumes that the decompactification condition (3.1) is met for the gauge group factors of interest, we have b
(1) a = 3k a . Before discussing any specific construction, it is instructive to see some of the generic consequences of string models that do not suffer from the decompactification problem. To this end, we shall assume that some realistic string model has been constructed, such that (3.1) is valid for the Standard Model gauge group factors, while the hidden sector ones satisfy insteadβ a > 3k a and will be ignored for the purposes of this analysis.
We define, as usual, α 
but instead expresses it in terms of the Kaluza-Klein scale, the electromagnetic U(1) em coupling constant α em (M Z ) = e 2 /4π and the beta functions β, β of the theory. Similarly, we obtain the Weinberg angle 6) and the SU(3) coupling constant at the electroweak scale
From the fact that the Einstein-Hilbert term does not renormalise at one-loop in the case of ScherkSchwarz supersymmetry breaking [43, 51] , the value of the string coupling may be further related to the Planck scale. 
Explicit constructions
So far, we have discussed in some generality the sector which potentially causes string thresholds to grow linearly with the volume of the Scherk-Schwarz torus and pointed out the existence of a class of theories in which the decompactification problem does not occur. In this section, we wish to illustrate this approach with some explicit examples. For the purposes of our discussion, we will concentrate on the class of models analysed in [33] .
The specific example we shall consider here is further characterised by super no-scale structure, which guarantees an exponentially small value for the cosmological constant. In fact, its potential is identical 5 to that of the meta-stable "Model C" presented in [33] and, therefore, dynamically leads to the large volume scenario discussed in the Introduction, in which the decompactification problem becomes a priori particularly relevant. The model itself is a four-dimensional heterotic theory with spontaneously broken N = 1 → 0 supersymmetry, obtained as a T 6 /(Z 2 ) 6 orbifold with net matter chirality N = 4. The compactification then breaks the original E 8 × E 8 gauge group down to SO(10) × U(1)
The action of the six Z 2 orbifold factors explicitly reads
: (−1) F 2 r 2 , r 2 : {X 3,4,5,6 → −X 3,4,5,6 } + standard embedding ,
: (−1)
where X i are the worldsheet coordinates spanning the internal T 6 space, R i are the radii of the corresponding cycles, andφ 1 ,φ 2 , . . . ,φ 8 are the right-moving worldsheet scalars generating the level 1 Kac-Moody algebra of the hidden sector gauge group SO (8)×SO (8) , in the construction of [33] . The spacetime fermion number is denoted by F s.t. , while F 1 , F 2 are the corresponding 'fermion numbers' ascribed to the two E 8 factors of the original E 8 × E 8 heterotic string in ten dimensions, before compactification.
The action of the first two Z 2 factors is not free, and these precisely construct the unbroken N = 1 theory, in which chiral matter arises from the fixed points. The third Z 2 factor is identified as the freely acting Scherk-Schwarz orbifold, responsible for the spontaneous breaking of supersymmetry N = 1 → 0, inducing the non-trivial gravitino mass m 3/2 = |U |/ √ T 2 U 2 , where T, U are the Kähler and complex structure moduli of the first 2-torus along which the momentum shift δ 1 is acting. The fourth and fifth Z 2 factors are similarly freely acting, whereas the sixth Z 2 is non-freely acting and is responsible for splitting the hidden sector E 8 into SO(8) × SO (8) . In addition to the above action, the model also involves the following choice of discrete torsion (1, 2), (1, 4) , (2, 3) , (2, 4) , (2, 6) , (3, 4) , (4, 6) , (5, 6) .
The one-loop partition function of the model at the generic point in the perturbative heterotic moduli space reads
2,2 [
and, therefore, their one-loop corrected scalar potentials are indeed numerically equal. However, such models typically differ in both their spectra and interactions.
Here, a, b are the spin structures associated to the RNS worldsheet fermions of the orbifold theory, with the NS sector corresponding to a = 0 and the R sector to a = 1. The 16 complex fermions realising the level one Kac-Moody algebra of each E 8 factor of the ten-dimensional heterotic string carry Z 2 -valued boundary conditions (k, ) and (ρ, σ).
Similarly, (h 1 , g 1 ) and (h 2 , g 2 ) are the parameters for the Z
2 non-freely acting orbifolds with standard embedding generating a chiral N = 1 theory which may be thought of as the singular limit of a Calabi-Yau manifold. Namely, the h i = 0, 1 label the various orbifold (un)twisted sectors, while summing over g i imposes the corresponding Z 2 projections. Furthermore, H i , G i = 0, 1 are generically associated to the three freely-acting orbifold factors Z 
moduli become the relevant parameters for the decompactification problem. As in [33] , we will henceforth adopt the simplified notation T (1) ≡ T and U (1) ≡ U , while keeping the moduli of the remaining tori fixed at the fermionic point. Finally, H, G = 0, 1 are associated to the Z
2 orbifold twisting 4 Kac-Moody currents in the hidden E 8 directions and breaking it down to SO(8) × SO (8) .
A specific choice for the modular invariant phase Φ uniquely fixes the model in question, by properly implementing the action (4.1) of the T 6 /Z 6 2 orbifold and implements, in particular, the Scherk-Schwarz breaking of supersymmetry through the correlation of the spacetime R-symmetry charges to the momentum and winding charges of the first 2-torus. In our particular example, it reads Φ = ab + k + ρσ We are now ready to analyse the gauge thresholds in this model. It is certainly possible to perform an exhaustive analysis, based on the technique of decomposition into modular orbits [12, 43] generated by elements of congruence subgroups of SL(2; Z), and obtain the full threshold corrections in the form of series expansions valid for large volume T 2 1. However, for the sake of simplicity, we choose to extract only the dominant contribution of the thresholds at large volume.
To this end, we first define
where 6) and Λ effectively inserts the helicity charge in the supertrace
The group trace is realised in terms of the differential operator D a = 
Using (3.3), the beta function coefficients of the model can then be straightforwardly computed by extracting the constant terms
q,q=0
. 
10 , b
10 ) = (3, − 31 3 , −4)
8 , b
8 ) = (3, −5, −4)
As is the case with all models in the class studied in [33] , all non-abelian gauge group factors are realised at Kac-Moody level k a = 1 and, therefore, the present model satisfies the decompactification condition (3.1), i.e. b
(1) a = 3. Although our specific example is simply a toy model, since it is based on the unbroken SO(10) observable group, it still serves to illustrate the salient features of our mechanism.
Following the discussion of the previous section, we hence see that the decompactification problem does not occur in this model and the thresholds behave logarithmically as in (3.2) , with the beta function coefficients being given by SO(10) : (β 10 , β 10 ) = (− 34 3 , − [33] . Models in the first line satisfy the decompactification condition (3.1).
Even though the absence of the decompactification problem requires b
(1) a = 3k a to be positive, this does not imply that the associated gauge group factor is non asymptotically-free. Indeed, as mentioned in previous sections, the decompactification condition (3.1) only originates from the very specific exact N = 2 subsector of the theory. Whether a gauge group factor is asymptotically free or not is dictated by β a , which receives contributions from all sectors of the theory, including the N = 1 sectors where chiral matter arises. This is the case in our particular toy model, where all three non-abelian gauge groups have negative beta functions.
The particular model we have constructed does indeed have the desired property of eliminating the linear growth from its thresholds and, therefore, does not suffer from the decompactification problem. We wish to stress that this is not an accidental property of this specific model. In fact, it is possible to construct several different theories with spontaneously broken or even unbroken supersymmetry, without ever encountering the decompactification problem. A preliminary computer scan over the class of models discussed in [33] , comprising 10 11 vacua, and for the subclass (of approximately 7 × 10 4 models) that meet a minimal set of phenomenological criteria, including the absence of tachyons and the presence of chiral fermions, yields the results of Table 1 for the SO(10) × SO(8) × SO(8) group factors. As can be seen from the first line of Table 1, around 40% of "phenomenologically" acceptable models in this class do not suffer from the decompactification problem, at least for the three non-abelian gauge couplings considered here. What is more, there exist examples in which one may arrange for nearly all U (1) factors to also satisfy (3.1). Since the linear volume growth originates only from subsectors with exact N = 2 supersymmetry, it is clear that the decompactification problem will be absent in any theory for which the corresponding N = 2 subsector satisfiesβ a = 3k a .
To see how such models can be constructed in practice, it is instructive to return to our example model and isolate the 'parent' N = 2 theory corresponding to the exact N = 2 subsector
The one loop partition function of this N = 2 theory can be straightforwardly extracted from (4.3) by restricting to the above subsector, and multiplying by the cardinality |Z
2 × Z
2 | = 4
of the orbifold that we are effectively trivialising with the following choice of discrete torsion (2, 4) , (2, 6) , (4, 6) , (5, 6) . (4.13)
Alternatively, one could have simply considered the decompactification limit T 2 → ∞ of (4.3) and recovered the six dimensional analogue of (4.11).
For a generic N = 2 model of this class, based on Z 2 orbifolds, the condition for the absence of linear volume growth in gauge thresholds reads 14) and, hence, differs from the one given in (3.1), which is valid for theories with N = 1 → 0 spontaneous supersymmetry breaking, by a factor of four. This multiplicative factor corresponds precisely to the cardinality of the additional orbifold group factors Z
2 , which are trivialised in order to obtain the parent N = 2 theory. For an SO(2n) gauge group at level k = 1, the N = 2 beta function is straightforwardly determined by the multiplicities n V , n S of hypermultiplets transforming in the vectorial (fundamental) or the spinorial representation of SO(2n), respectively, so that (4.14) becomes n V + 2 n−4 n S = 2n + 4 . In the case of SO (12) for the class of models under consideration, the untwisted sector provides at least four vectorials while n S ∈ 2Z, so that the only possible solutions are (n V , n S ) = (8, 2) and (n V , n S ) = (16, 0).
Indeed, this is the case for the particular N = 2 model that we explicitly constructed here. The Therefore, aside from the SU(2)'s which satisfy β N =2 > 12 and become part of the hidden group, all remaining gauge group factors satisfy the N = 2 decompactification condition (4.14), in accordance with the fact that the descendant N = 0 theory has logarithmic thresholds, as we have already seen.
This analysis suggests that a very efficient method for constructing chiral string models with wellbehaved one loop gauge thresholds at large volume, is to start from an N = 2 theory whose spectrum satisfies (4.15) for the gauge group factors from which the observable couplings will eventually arise, and then suitably orbifolding the theory to produce the desired (possibly non-supersymmetric) chiral theory of interest.
Conclusions
The decompactification problem generically expresses that fact that, whenever the Kaluza-Klein scale M KK = 1/T 2 is much smaller than the string scale, the theory is effectively six dimensional and couplings therefore have dimension of squared length. This manifests itself in the linear growth of string thresholds with T 2 and, depending on the sign of the corresponding beta function, may either completely decouple or drive the gauge group to the strong coupling regime.
In this work we proposed that a natural solution to the decompactification problem is actually already included in string theory. This is achieved if the linear volume growth controlled by the beta function of the exact N = 2 subsector of the theory (or, alternatively, the six dimensional limit of the theory) is cancelled against a similar volume growth in the universal part Y . We derived the conditions for this to occur, which place strong constraints on the structure of the exact N = 2 subsector of the theory, and provided explicit examples that illustrate how non-trivial solutions with spontaneously broken (or even unbroken) supersymmetry may be constructed such that their thresholds have logarithmic, rather than polynomial, dependence in the Scherk-Schwarz volume.
In this sense, we propose that the decompactification problem is in fact not a problem but, rather, provides a non-trivial selection criterion for realistic model building. Whether there exist realistic string models satisfying the minimal set of desired properties outlined in the Introduction, and which do not suffer from the decompactification problem, is an interesting open question which will be investigated in future work. Nevertheless, preliminary scans in the class of models studied in [33] indicate that some 40% of models are in principle compatible with our proposal.
